We present an analysis of systematic sources of uncertainty in a recently proposed scheme for measurement of nuclear-spin-dependent atomic parity violation using two-photon J = 0 → 1 transitions driven by collinear photons of the same frequency in the presence of a static magnetic field. Two important sources of uncertainty are considered: misalignment of applied fields, and stray electric and magnetic fields. The parity-violating signal can be discriminated from systematic effects using a combination of field reversals and analysis of the Zeeman structure of the transition.
I. INTRODUCTION
We previously proposed a method for measuring nuclear-spin-independent (NSI) atomic parity violation (APV) effects using two-photon transitions between states with zero total electronic angular momentum [1] . Recently we proposed another two-photon method, one that allows for NSI-background-free measurements of nuclear-spin-dependent (NSD) APV effects [2] , such as the nuclear anapole moment [3] . The latter method, the degenerate photon scheme (DPS), exploits Bose-Einstein statistics (BES) selection rules for J = 0 → 1 transitions driven by two collinear photons of the same frequency [4] . The general idea for the DPS was described in Ref. [2] . The present work complements Ref. [2] in the following ways: we derive expressions for amplitudes of allowed E1-E2 and E1-M 1 transitions, and for E1-E1 transitions induced by the weak interaction and Stark effect; we analyze several major sources of systematic uncertainty affecting the DPS; and, whereas Ref. [2] focused on mixing of the final state with nearby states of total electronic angular momentum J = 0, we extend the analysis to include mixing with J = 2 states as well.
II. DEGENERATE PHOTON SCHEME
The proposed method uses two-photon transitions from an initial state of total electronic angular momentum J i = 0 to an opposite-parity J f = 1 final state (or vice versa). The APV signal is due to interference of parity-conserving electric-dipole-electricquadrupole (E1-E2) and electric-dipole-magnetic-dipole (E1-M 1) transitions with parity-violating E1-E1 transitions induced by the weak interaction. This scheme is different from other multi-photon APV schemes [1, [5] [6] [7] in that the transitions are driven by collinear photons of the same frequency, and hence are subject to a Bose-Einstein statistics (BES) selection rule that forbids * drdf@berkeley.edu E1-E1 J = 0 → 1 transitions [4, 8] . However, such transitions may be induced by perturbations that cause the final state to mix with opposite-parity J = 1 states, such as the NSD weak interaction and, in the presence of an external static electric field, the Stark effect. Because the NSI weak interaction only leads to mixing of the final state with other J = 1 states, it cannot induce J = 0 → 1 transitions. Thus NSI-background-free measurements of NSD APV can be achieved by exploiting two-photon BES selection rules.
Consider atoms illuminated by light in the presence of a static magnetic field B. The optical field is characterized by polarization , propagation vector k, frequency ω, and intensity I. Because circularly polarized light cannot excite a J = 0 → 1 two-photon transition due to conservation of angular momentum, we assume that the light is linearly polarized. We choose the frequency to be half the energy interval ω f i between the ground state |i and an excited state |f of opposite nominal parity. We work in atomic units: = |e| = m e = 1. The transition rate is [9] :
where α is the fine structure constant, and A and Γ are the amplitude and width of the transition. Energy eigenstates are represented as |i = |J i IF i M i , and likewise for |f . Here J i , I, and F i are quantum numbers associated with the electronic, nuclear, and total angular momentum, respectively, and M i ∈ {±F i , ±(F i − 1), . . .} is the projection of F i along the quantization axis (z-axis), which we choose along B. The transition is enhanced by the presence of an intermediate state |n of total electronic angular momentum J n = 1 whose energy lies about halfway between the energies of the initial and final states (Fig. 1) . For typical situations, the energy defect ∆ = ω ni − ω f i /2 is large compared to the Rabi frequency Ω R associated with the one-photon resonance involving the intermediate state. We assume that the scattering rate from |n to |i is small compared to the natural width Γ f of |f : a two-level system consisting of initial and final states coupled by an effective optical field. The parity-violating E1-E1 transition is induced by mixing of the final state with opposite-parity states via the weak interaction. In general, |f may mix with states of electronic angular momentum J = 0, 1, or 2 according to the selection rules for NSD APV mixing [10] . Mixing of the final state with J = 1 states results in a perturbed final state with electronic angular momentum 1 that cannot be excited via degenerate two-photon transitions. We assume mixing is dominated by a single state |a of total angular momentum J a , and consider the cases J a = 0 and J a = 2 separately.
A. NSD APV mixing of J = 1 and J = 0 states When |f mixes with a nearby J a = 0 state, only transitions for which F f = I may be induced by the weak interaction. Transitions to hyperfine levels F f = I ± 1 that arise due to parity-conserving processes can be used as APV-free references, important for discriminating APV from systematic effects. The amplitude for a degenerate two-photon J = 0 → 1 transition is (Appendix A):
where
and
are the amplitudes of the parity-conserving and weakinteraction-induced parity-violating transitions, respectively. Here the qth spherical component ofk,
Clebsch-Gordan coefficient, and δ F f Fi is the Kronecker delta. The quantities Q and ζ 0 are
where the reduced matrix elements Q f n = (J f ||Q||J n ), µ f n = (J f ||µ||J n ), and d ni = (J n ||d||J i ) of the electric quadrupole, magnetic dipole, and electric dipole moments, respectively, are independent of F f and I. Here ω f a = ω f − ω a is the energy difference of states |f and |a , and Ω f a is related to the matrix element of the NSD APV Hamiltonian H NSD by f |H NSD |a = iΩ f a . The parameter Ω f a must be a purely real quantity to preserve time reversal invariance [10] . Note that · = 1 for linear polarization, whereas · = 0 and hence A = 0 for circular polarization, consistent with conservation of angular momentum. Hereafter, we assume · = 1. The goal of the DPS is to observe interference of parityviolating and conserving amplitudes in the rate R. When M f = M i , R consists of a large parity conserving term proportional to Q 2 , a small parity violating term (the interference term) proportional to Qζ 0 , and a negligibly small term on the order of ζ 2 0 . The interference term is proportional to a pseudoscalar quantity that depends only on the field geometry, the rotational invariant:
The form of the rotational invariant follows from the fact that only k 0 ∝ k · B contributes to the amplitude in Eq. (3) when M f = M i . Thus the interference term vanishes if B and k are orthogonal. One way to achieve a nonzero rotational invariant is to orient k along B (Fig. 2) .
We calculate the transition rate when B is sufficiently strong to resolve magnetic sublevels of the final state, but not those of the initial state. This regime is realistic since Zeeman splitting of the initial and final states are proportional to the nuclear and Bohr magnetons, respectively. In this case, the total rate is the sum of rates from all magnetic sublevels of the initial state:
When the fields are aligned as in Fig. (2) , the transition rate is
where the positive (negative) sign is taken when k and B are aligned (anti-aligned), and we have omitted the term proportional to ζ 2 0 . Reversals of applied fields are a powerful tool for discriminating APV from systematic effects. The interference term in (9) changes sign when the relative alignment of k and B is reversed, or when M f → −M f . The asymmetry is obtained by dividing the difference of rates upon a reversal by their sum:
which is maximal when M f is small but nonzero. Reversals are sufficient to distinguish APV from many systematic uncertainties. Nevertheless, there still exist systematic effects that give rise to spurious asymmetries, which may mask APV. We consider two potential sources of spurious asymmetry: misalignment of applied fields, and stray electric and magnetic fields. A stray electric field E may induce E1-E1 transitions via the Stark effect [11, 12] . The amplitude of Stark-induced J = 0 → 1 transitions is (Appendix A):
When k and B are misaligned (k × B = 0), Starkinduced transitions may interfere with the allowed transitions yielding a spurious asymmetry characterized by the following rotational invariant:
The resulting Stark-induced asymmetry is
where θ = |k ×B| is the angle between the nominally collinear vectors k and B, and E is defined by θE ≡ (k × B) · E. The spurious asymmetry (14) may mask the APV asymmetry (10) because both exhibit the same behavior under field reversals. However, because the Stark-induced transition amplitude is nonzero when F f = I, APV and Stark-induced asymmetries can be determined unambiguously by comparing transitions to different hyperfine levels of the final state. We propose to measure the transition rate by observing fluorescence of the excited, and assume that the transition is not saturated:
where the saturation intensity I sat is chosen so that R = Γ when I = I sat . In this regime, fluorescence is proportional to the transition rate. The statistical sensitivity of this detection scheme is determined as follows:
The number of excited atoms is
where N i is the number of illuminated atoms, t is the measurement time, and N and N N are the number of excited atoms due to parity-conserving and parityviolating processes. The signal-to-noise ratio is SNR = N / √ N , or
The SNR is optimized by illuminating a large number of atoms with light that is intense, but does not saturate the i → f transition. Although purely statistical shot-noise dominated SNR does not depend on Q, this parameter is still important in practice due to condition (15) . Allowed E1-E2 and E1-M 1 transitions are characterized by large Q, which leads to small APV asymmetry. In the opposite case of forbidden E1-E2 and E1-M 1 transitions (small Q), an observable signal requires high light intensities, which may pose a technical challenge.
B. NSD APV mixing of J = 1 and J = 2 states
Mixing of |f with nearby J a = 2 states is qualitatively similar to the previous case. Here we make the comparison explicit. The amplitude of the transition induced by NSD APV mixing of |f and |a is (Appendix A):
and { ⊗ } 2q is the qth spherical component of the rank-2 tensor formed by taking the dyadic product of with itself [13] . For the geometry in Fig. 2 , the transition rate is
where the positive (negative) sign is taken when k and B are aligned (anti-aligned), C k = IM f ; k0|F f M f for k = 1, 2, and we have omitted a term proportional to ζ 2 2 . For simplicity, we focus on the case F f = I + 1 (the cases F f = I, I − 1 are similar). In this case, Eq. (20) becomes
and the asymmetry is
which is maximal when M f = I. In the case of maximal asymmetry, the SNR is
where C I = I/[2(I + 1)(I + 2)] is a numerical coefficient and I sat is given by Eq. (15) . Static electric fields may induce a J = 0 → 1 transition via Stark mixing of |f and |a , giving rise to systematic effects that may mimic APV. When J a = 2, the amplitude of Stark-induced transitions is (Appendix A):
The spurious asymmetry due to Stark mixing is characterized by the rotational invariant
Unlike for the J a = 0 case, both the Stark effect and the weak interaction may induce transitions to F f = I, I ± 1 hyperfine levels of |f when J a = 2, eliminating the possibility of using APV-free transitions to control systematic effects. However, the Stark-and weak-interactioninduced asymmetries have different dependence on M f :
whereẼ is defined by θẼ
Thus APV can be distinguished from spurious asymmetries by analyzing the Zeeman structure of the transition, e.g., 
a Ref. [14] b Ref. [15] by comparing transitions to sublevels M f = I and M f = I − 1 of the final state.
As a final note, in addition to the rotational invariant (7), there is a second parity-violating rotational invariant that arises when |f mixes with J = 2 states:
This rotational invariant describes APV interference in transitions for which M f = M i ± 1.
III. APPLICATIONS OF DPS
We now turn our attention to the two-photon 462 nm 5s 2 1 S 0 → 5s9p 1 P 1 transition in 87 Sr (Z = 38, I = 9/2). The transition is enhanced by the intermediate 5s5p 1 P 1 state (∆ = 34 cm −1 ), and the parity-violating E1-E1 transition is induced by NSD APV mixing of the 5s9p 1 P 1 and 5s10s 1 S 0 states (ω af = 184 cm −1 ). We used expressions presented in Ref. [16] to calculate the NSD APV matrix element: Ω f a ≈ 10κ s −1 , where κ is a dimensionless constant of order unity that characterizes the strength of NSD APV. The width of the transition is determined by the natural width Γ = 1.15×10 7 s −1 of the 5s9p 1 P 1 state [14] . Other essential atomic parameters are given in Table I . Resolution of the magnetic sublevels of the final state requires a magnetic field larger than 2Γ/g ≈ 10 G, where g ≈ 0.1 is the Landé factor of the F = I hyperfine level of the 5s9p 1 P 1 state. We estimate that d an ≈ ea 0 , Q f n /d an ≈ α/2, and µ f n Q f n . Then the APV asymmetry associated with this system is about 4κ × 10 −8 . Spurious asymmetries due to stray electric fields can be ignored when θE 2(2I + 1) I(I + 1)(ζ 0 /ξ 0 ) ≈ 2 mV/cm. In ongoing APV experiments in Yb [17] , stray electric fields on the order of 1 V/cm have been observed. Assuming a similar magnitude of stray fields for the Sr system, spurious Stark-induced asymmetries can be ignored by controlling misalignment of the light propagation and the magnetic field to better than θ < 0.1
• . Regardless of misalignment errors, APV can be discriminated from Stark-induced asymmetries by comparing transitions to the F = 9/2 hyperfine levels of the final 5s9p 1 P 1 state.
To estimate the SNR, we consider experimental parameters similar to those of Ref. [18] : N i ≈ 10 7 atoms illuminated by a laser beam of characteristic radius 0.3 mm. Optimal statistical sensitivity is realized when I = I sat ≈ 6 × 10 5 W/cm 2 . In this case, Eq. (17) yields SNR ≈ κ × 10 −3 t/s. The saturation intensity corresponds to light power of about 2 kW at 462 nm. High light powers may be achieved in a running-wave power buildup cavity. With this level of sensitivity, about 300 hours of measurement time are required to achieve unit SNR. The projected asymmetry and SNR for the Sr system are to their observed counterparts in the most precise measurements of NSD APV in Tl [19] .
Another [15] . Other essential atomic parameters are given in Table I . Like for the Sr system, we estimate that Q f n /d an = α/2 and µ f n Q f n , yielding an approximate asymmetry of 7κ×10 −6 . Laser cooling and trapping of 225 Ra has been demonstrated [22] , producing about N i ≈ 20 trapped atoms. When I = I sat ≈ 10 8 W/cm 2 , Eq. (23) gives SNR = κ × 10 −2 t/s. For a laser beam of 0.3 mm, the saturation intensity corresponds to light power of about 300 kW at 741 nm. These estimates suggest that unit SNR can be realized in under 3 hours of observation time. Compared to the Sr system, the Ra system potentially exhibits both a much larger asymmetry and a much higher statistical sensitivity.
IV. SUMMARY AND DISCUSSION
In conclusion, we presented a method for measuring NSD APV without NSI background. The proposed scheme uses two-photon J = 0 → 1 transitions driven by collinear photons of the same frequency, for which NSI APV effects are suppressed by BES. We described the criteria necessary for optimal SNR and APV asymmetry, and identified transitions in 87 Sr and 225 Ra that are promising candidates for application of the DPS.
Wigner-Eckart theorem
We use the following convention for the Wigner-Eckart theorem (WET). Let T k be an irreducible tensor of rank k with spherical components T kq for q ∈ {0, ±1, . . . , ±k}. Then the WET is [24] 
where (J 2 IF 2 ||T k ||J 1 IF 1 ) is the reduced matrix element of T k and F 1 M 1 ; kq|F 2 M 2 is a Clebsch-Gordan coefficient. If T k commutes with the nuclear spin I, then its reduced matrix element satisfies [24] (
In the presence of a static electric field E, the perturbation parameter becomes χ = χ W + χ S , where χ W is given by Eq. (A12) and
where H S = −d · E is the Stark Hamiltonian. In this case, A E1-E1 = A W + A S , where A W ∝ χ W and A S ∝ χ S are the amplitudes of the transitions induced by the weak interaction and Stark effect, respectively.
For a general J = J i → J f transition, the Starkinduced E1-E1 amplitude may have contributions from each of the irreducible tensors that can be formed by combining { ⊗ } 0 ∝ ( · ) or { ⊗ } 2 with E. There are four such tensors: one each of ranks 2 and 3, and two of rank 1. However, for J = 0 → 1 transition, only the rank-1 tensors contribute. These tensors are [13] :
Stark mixing of |f with |a gives rise to a Stark-induced amplitude whose dependence on applied fields is described by either the tensor in Eqs. (A14) or the one in Eq. (A15) depending on whether J a = 0 or J a = 2. The corresponding amplitudes are given by Eqs. (11) and (24), and the parameters ξ 0 and ξ 2 can be expressed in terms of the reduced dipole matrix elements by applying the WET to Eq. (A7) with χ = χ S . This procedure yields Eqs. (12) and (25).
